A finite group is normally monomial, if all its irreducible characters are induced from linear characters of normal subgroups. We bound the derived length, and in some situations also the nilpotency class, of normally monomial p-groups, and make some remarks on normally monomial p-groups of maximal class.
It is well known that if G is an M-group, then G is soluble, and its derived length dl(G) is bounded by the number of degrees of its irreducible characters [4, 5.12] . Therefore, if d is the maximal degree of an irreducible character of G, then dl(G) d. Moreover, if G is a p-group, and d = p k , then dl(G) k + 1. It is easy to establish a sharper bound for nM-groups. We write log x for the logarithm to base 2. Proposition 1. Let G be a non-abelian nM-group, and let d be the maximal degree of an irreducible character of G. Then dl(G) 2 + log log d. If G is a p-group and d = p n , then dl(G) 1 + log(n + 1).
After proving this, we restrict ourselves to p-groups. Denote by cd(G) the set of irreducible character degrees of G. For any set S of powers of p such that 1 ∈ S, there exists a p-group G of class 2 such that cd(G) = S [5] . Therefore there are no restrictions on the sets of character degrees of nMp-groups. We are interested in restrictions going in the other direction. Denote by cl(G) and exp(G) the nilpotency class and the exponent of G, respectively. Our main result is Theorem 2. Let G be a non-abelian nMp-group, let p n = max(cd(G)), let k = |cd(G)|, and let s * be the sum of those members of cd(G) of the form p r with r 3. 
We can say that the parameters s * and k measure how far G is from being metabelian.
In [6] a set S of powers of p is called class bounding, if there exists some number t, depending only on S, such that if G is a p-group and cd(G) = S, then cl(G) t. Many examples of such sets are constructed in [6] and [8] . By [7] , if p ∈ S, then S is not class bounding. Since the examples there are metabelian, such sets are not class bounding for nM-groups either. The conjecture made in [6] , that if p / ∈ S, then S is class bounding, was refuted in [8] . But [6, Theorem C] states that if p / ∈ cd(G), then cl(G) is bounded in terms of cd(G) and cl(G ). Therefore Theorem 2 shows that the conjecture does hold for nM-groups. Moreover, we can give a better bound for cl(G) than the one implied by [6] .
Theorem 3.
Let G be an nMp-group such that p / ∈ cd(G), let p n , k, be as in Theorem 2, and let s be the sum of all members of cd(G). Then cl(G) s and exp(G ) p k−1 .
That sets not containing p are class bounding for metabelian groups is [8, Theorem 4.5] , proved by different methods. An explicit bound is provided by [6, Theorem 2.7] , which states for metabelian p-groups an inequality similar to the first one of Theorem 3, though slightly weaker.
Apart from notation that was introduced already, we write Z i (G) and γ i (G) for the terms of the upper and lower central series of G, respectively. A p-automorphism is an automorphism whose order is a power of p, and a character is linearly induced from a subgroup H , if it is induced from a linear character of H .
Our proofs rely heavily on some of the lemmas of [6] , and on the following simple lemma. See, e.g., [11, Proposition 3] .
Proof of Proposition 1. It suffices to prove that the inequality holds for the groups G/N , where N varies over the kernels of the irreducible characters of G. We may therefore assume that G has a faithful irreducible character. By Lemma 4, G has a normal abelian sub-
If G is a p-group and n = 1, again Lemma 4 shows that G is metabelian. For larger n, and A as above, the characters of G/A have degrees at most
Before proving Theorem 2, we need more lemmas. 
Proof. Since |G : A| = p n , all irreducible characters of G/A have degree less than p n , and A is the intersection of the kernels of all characters of G/A, therefore K A. Thus K is abelian. If exp(K) > p, then K has a linear character of order p 2 . Let T be the inertial subgroup of that character. By Lemma 6, |G : T | = p n . But A T , because A is abelian, and |G : A| = p n . Therefore T = A. By Lemma 6, G/A has no elementary abelian subgroup of order p 2 . That means that (i) or (ii) holds [2, 12.5.2]. 2 Proof of Theorem 2. For the first inequality, it suffices to prove that cl(G N/N) s * /p 2 + 1 for all kernels N of irreducible characters of G. Thus we may assume that G is as in Lemma 7. We use the notations of that lemma. If either (i) or (ii) holds, then G is either metabelian or p = 2 and G contains a metabelian maximal subgroup, so the theorem is obvious. Thus we assume that exp(K) = p. If n 2, then Lemma 4 shows that G is metabelian, and if k = 2, then G is metabelian by [4, 12.6 ]. Thus we may assume that k > 2, and that n > 2. If N is any of the kernels whose intersection is K, then Lemma 4 shows that G/N has a normal abelian subgroup B/N of index less than p n , therefore all character degrees of G/N are less than p n , so the induction hypothesis shows that if p is odd, then cl(G N/N) (s * − p n )/p 2 + 1, and therefore cl( Remark. We preferred to prove this proposition in full, though for our purposes it suffices to know that p ∈ cd(G), and this follows from [6, Lemma 2.1].
Proof of Theorem 3. Again we may assume that G has a faithful irreducible character of degree p n , and choose A and K as in Lemma 7. Cases (i) and (ii) of that lemma are eliminated by Proposition 11 and the fact that a generalized quaternion group has irreducible characters of degree 2. If k = 2, then K = G and since |G : A| = p n , Lemma 5 implies cl(G) p n + 1 and exp(G ) p. If k > 2, we use induction in the same way as in the proof of Theorem 2. 2 According to [1] , subgroups of nM-groups need not be nM-groups. We now describe a situation in which the nM-property is inherited by many subgroups. 
Proof.
If N G has index p 2 , then G/N is abelian and N G , therefore G is the only normal subgroup of G of index p 2 . Moreover, G is 2-generated, say G = x, y . Then G /γ 3 (G) is cyclic, generated by [ x, y]γ 3 (G) . Since G/G has exponent p, so does G /γ 3 (G), and therefore |G : γ 3 (G)| = p 3 , and as for G , we see that γ 3 (G) is the only normal subgroup of index p 3 .
Let H be G or a maximal subgroup of G, and let η be an irreducible character of H . Since characters of degree p are linearly induced from subgroups of index p, and those are normal, we may assume that η(1) > p. Then η is a component of χ |H , for some irreducible character χ of G, and χ(1) > p. Let χ be induced from the linear character λ of N G. Then |G : N| = χ(1) p 2 , and thus N G H . Then λ H is an irreducible character of H , which is a component of χ |H . By Clifford's theorem, η is conjugate to λ H , and therefore it is also induced from N . This proves the proposition when H is a maximal subgroup or G .
To finish the proof, let H = γ 3 (G), and use similar notations. The above argument applies, unless η(1) = χ(1) = p 2 . But in that case χ is linearly induced from G , hence the irreducible components of its restrictions to G and to γ 3 (G) are linear, and cannot include η. Proof. First, if p = 2, then G contains a cyclic maximal subgroup [3, III.11.9] , and the claim is obvious. Thus we assume that p is odd. Let L and M be two distinct maximal subgroups of G. 
. The maximal subgroups of G distinct from G 1 and C are themselves of maximal class, and non-exceptional, with G 2 playing for them the role of G 1 .
Metabelian p-groups of maximal class are non-exceptional. The following proposition generalizes this fact.
Proposition 15. An nMp-group of maximal class is non-exceptional.
Proof. We first state the following criterion for a group to be nM, due essentially to How, as stated in [9 Proof. The claim about maximal subgroups is a special case of Proposition 12. Moreover, the maximal subgroups of G different from G 1 are themselves of maximal class, and all non-maximal normal subgroups of G are contained in all maximal subgroups, while a subgroup that is not contained in G 1 is contained in another maximal subgroup, therefore the claim follows by induction. 2
With the single exception of the wreath product of two groups of order p, a metabelian group, in a group of maximal class the elements of order p in G 1 constitute (with 1) a subgroup of order p p−1 at most. Also, the 2-groups of maximal class are metabelian. Thus Theorem 2 implies 
